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In this part II, I study the class C of an n-cycle or of an n-l-cycle in the alter- 
nating group A,. For n = 4k - 1, 4k, CCC covers A,, , but CC does not. 
For n = 4k + 1, CCC covers A,, ; I do not know whether CC does. For n = 
4k + 2, CC covers A, [Part III concerns PSL(2, q).] 
1. BACKGROUND 
See [3]. In the symmetric group S, (n > 4), every even permutation is 
a product of two u-cycles if and only if 
-1 + 3n/4 < U < n [I]. 
For odd u < n - 1, this is a property of a class in A, : the u-cycles in A, 
form a single class C, ; C,C, 1 A,, if -1 + 3n/4 < u < n. For odd u = n 
(or n - 1, as the case may be) there is a bifurcation; the u-cycles distribute 
themselves into two classes C, C’. Covering by products of these classes 
is delicately dependent on this bifurcation. The above-mentioned result 
that (C + C’)(C + C’) covers A, states only that CC + CC’ + CC’ 
coversA,incaseu=noru=n-1. 
Recall that a type in A, (i.e. a product of cycles of preassigned lengths, 
corresponding to a partition of n) bifurcates into two classes in A, precisely 
when the summands of the partition are all odd and no two summands are 
equal. Furthermore, for n odd, the cycle (12 ... n) is conjugate to its 
inverse in A, or Anfl if and only if n = 1 (mod 4). 
2. THE LEMMAS 
Induction must intervene somewhere in any attempt to refine the results 
of [l]. The induction commences with Lemma 2.01. 
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LEMMA 2.01. Let C be the class of the 5-cycle a = (12345) in A,; let 
C’ be the class of (21345). Then CC’ covers A, , exceptfor 1. 
Proof. Behold ! 
b E C’ ab 
(21345) (24X35) 
(21534) (243) 
(14253) a-l E C 
(13524) (14253) E C 
LEMMA 2.02. Let n > 4 be odd. Let C [C’] be the class of 
(12 ... n) [(21 3.. n)] in A, . The product CC’ includes the type (ab)(cd). 
Proof. Ifn=4k+l, 
(12 *.. n)(n ... 52341) = (13)(24). 
Ifn =4k+3, 
(12 ... n)(n ... 7243651) = (14)(26) 
THEOREM 2.03. Let n > 4 be odd; let C be the class of (12 *.* n) in A,,; 
let C’ be the class of (21 ... n). Then CC’ covers A, (with the possible 
exception of 1). 
ProojI Lemma 2.01 establishes this assection for n = 5. Assume the 
assertion to be true concerning A,-, . Let S be any permutation of A, ; 
it will have a conjugate S, such that S,(n, n - 2)(n - 3, n - 1) does not 
move either n or n - 1. (Clear if S fixes 4, 3, 2, 1, or 0 letters.) By the 
induction hypothesis therefore, either S, = 1, or else two n - 2-cycles 
dI , d, in different classes in A,-, exist such that 
S, = d,d,(n n - 2)(n - 3 n - 1). 
Now set t, = (n, n - I, n - 3), k, = d,t;l, k, = t,d,(n, n - 2, n - l)t,-‘. 
Then S, = k,k, ; and k, , k, are n-cycles belonging to different classes 
inA,. 
To see this, write 
dI = (cl ... c,-3 , n - 3), 
dz = (e, a.. ene3, n - 2). 
Then 
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and 
d2(n, n - 2, n - 1) = (e, ... enPs, n - 1, n, n - 2). 
The two cycles displayed on the right-hand sides are in different classes 
in A,, since 4 , d, are in different classes in A,-, . But CC’ = CC, so 
the theorem follows. 
COROLLARY 2.04. Let n = 4k - 1 > 3; let C be the class of (12 ... n). 
Then CCC covers A, but CC does not cover A, . 
Proof. In part I [2] it is shown that for every class in A, (n > 4), CC 
covers both C and C’. Hence CCC includes Cc’, which covers A, by 
Theorem 2.03. The fact that CC does not cover A, is a consequence of the 
fact that CC does not include 1. 
COROLLARY 2.05. Let n = 4k + 1; let C be the class of (12 ... n). 
Then CCC covers A, . 
Remark 2.06. It seems difficult to establish that CC does not cover 
A, when n = 4k + 1; the class (2k)2 may not be covered. 
LEMMA 2.07. Let n > 4 be even; u = n - 1. Let C be the class of 
(12 ... u); let C’ be the class of (21 .*. u) in A, . Let S be a permutation in 
A, of period 2. Then both CC and CC’ contain S. 
Proof The needed relations are 
(12 ... U)(U ... 54123) = (13)(2u), 
(12 ... u>@ ... 543n2) = (lu)(2n), 
(12 ... u)(u ... 85674123) = (13)(2u)(46)(57), 
(12 ... u>(u ... 856743n2) = (lu)(2n)(46)(57), 
etc. If n = 4k > 4, the first and fourth of these equations relate to CC, 
the second and third to Cc’. If n = 4k + 2 > 6, this situation is reversed. 
If n = 6, note (12345)(21345) = (24)(35): (14632)(12345) = (15)(46). 
LEMMA 2.08. Let n, u, C, C’ be as in Lemma 2.07. Both CC’ and CC 
cover the class of a 3-cycle. 
Proof. 
(12 ... u)(u ... 54312) = (1 u2), 
(12 ... u>(u ... 54132) = (1 u 3). 
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LEMMA 2.09. Let C be the class of a = (12345) in A, ; let C’ be the 
class of a, = (21345). Then CC covers A, ; CC’ covers A, (except for 1). 
Proof. 
beC ba bal 
(13254) 
(14632) 
(16423) 
(16234) 
a 
a-l 
(12364) 
(16342) 
(12453) 
(142) (143) 
(1 WW (1523)(46) 
(165)(243) (16524) E C 
(1635)(24) 
(13524) E C’ WW) 
1 
(24365) E C’ 
(164)(235) 
(13254) E C 
THEOREM 2.10. Let n > 4 be even, u = n - 1. Let C be the class of 
the permutation (12 ... u); let C’ be the class of (213 ... u) in A,. Then 
CC [CC’] covers A, , with the possible exception of 1. 
Proof. See Lemma 2.09. It is assumed that the theorem is valid for 
n1 = n - 2, and on the basis of this assumption, the theorem is established 
for n, = n. 
Let S # 1 be a permutation of A, . If the largest cycle in S is a 2-cycle, 
S is covered by CC [CC] in virtue of Lemma 2.07. If S is a single 3-cycle, 
see Lemma 2.08. 
Otherwise S has a conjugate S, such that S, = S,(n n - 1 n - 2) fixes 
both n and n - 1. Since S, # 1, the induction hypotheses indicate that 
two n - 3-cycles d, g exist in [not in] the same class in A,-, such that 
S, = dg. Thus S, = dg(n - 2, n - 1, n). There are five cases: (1). d, g both 
fix n - 2; (2). d fixes n - 2, g fixes (say) n - 3; (3). d fixes n - 3, g fixes 
n - 2; (4). d, g both fix (say) n - 3; (5). d fixes n - 3, g fixes n - 4. 
Case 1. d,gbothfixn-2.Sett=(n-3,n,n-2).Then 
S, = [dt] t-l[g(n - 2, n - 1, n) t-l] t = dl . t-lg,t, 
where 
dl = d(n - 3, n, n - 2); g, = g(n - 3, n - 2, n - 1). 
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Moreover since d, g are in [not in] the same class in A,-, , 4, g, , will be 
in [not in] the same class in A, . To see this write 
d = (c, ... G-4 , n - 31, g = 04 ... enp4, n - 3), 
where each ci and each ei is less than n - 3. Then 
dI = (q ... c,-~, n, n - 2, n - 3)(n - l), 
g = 63 ~~~en-4,n-22,n-l,n-3)(n). 
By hypothesis, the sign of the permutation n E A,-, , rr : ci --f ei is even. 
But then the sign of the permutation u E A,, that carries each letter of dI 
into the letter of g, directly below it is also even. 
Case 2. Suppose d fixes n - 2, g fixes n - 3. The argument is similar, 
again with t = (n - 3, n, n - 2). In this case if d, g are in the same class 
in A,-, , dI , g, will be in different classes in A, , and vice versa. 
Case 3. Suppose d fixes n - 3, g fixes n - 2. Again, take 
t = (n - 2, n - 3, n), so that 
dI = d(n - 2, n - 3, n), g, = g(n - 3, n - 2, n - l), 
and the situation parallels that in case 2. 
In cases 4, 5 take t = (n, n - 1, n - 2). There are no other cases; the 
theorem is completely proved. 
Remark. This proof is reminiscent of an argument of Gleason, but is 
considerably more intricate. Gleason proved (see [4, p. 1721) that for 
n > 4, every even permutation in S, (symmetric group) is a product of 
two n-cycles. This is a less delicate assertion than Theorem 2.10. It is an 
assertion about types (rather than about classes). Thus Gleason’s induction 
could proceed from n to n + 1. The present proof must proceed from n 
to n + 2, and involves closer reasoning. (Thank are due the referee for 
pointing out an error in my original proof.) 
COROLLARY 2.11. Let n = 4k + 2 > 4; let C be the class of the 
n - l-cycle a = (12 ... n - 1) in A,, . Then CC covers A,. 
Proof. (Included at the kind suggestion of the referee). The inverse a-l 
belongs to C, since the permutation 7r : i -+ n - i (0 < i < n) is the 
product of an even number of transpositions. 
COROLLARY 2.12. Let n = 4k > 4; let C [C’] be the class of 
a = (12 ... n - 1) [a-l] in A,, . Then (i) CC’ covers A, ; (ii) CC does not 
cover A,, ; (iii) CCC covers A,, . 
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